Almtract--A similarity boundary value problem which describes the steady-state buoyancy induced plane flow next to an impermeable, horizontal surface in porous media saturated with cold water is studied. Numerical solutions are found in two disjoint regions of temperature-ratio parameter R by using a multiple shooting code BVPSOL. In each region, solutions are obtained by applying the continuity process which gives, respectively, a smooth bifurcation curve in term of a appropriate parameter. Multiple solutions are found at some R in this two regions. Some of them are similar and others indicate physically the potential existence of a large amount of energy for any trend arising that drives one steady state to another.
INTRODUCTION
In the natural world, transport processes in fluids where the motion is driven by the interaction of a difference in density in a gravitational field are common. Usually, the density variation is caused by temperature differences and the density variation of pure and even of saline water at tThe author acknowledges support in part by National Science Council of R.O.C. low temperatures often results in very complicated buoyancy induced flows. If an internal temperature variation arises which spans the temperature t m at which a density extremum p,, (tin) arises, a buoyancy force reversal follows. This may lead to flow reversal and other complicated convective effect.
Early investigations of buoyancy induced flows were mainly concentrated on vertical laminar convective flows in water which were summarized in [1] . For example, consider a vertical surface at uniform temperature to = 8°C, in a quiescent pure water ambient at too = 2°C. Near the surface, the fluid is less dense than the ambient and the buoyancy force is upward. However, the extremum of pure water at 1 atm occurs at about 4°C, the fluid in the outermost portion of thermal transport regions is more dense than the ambient consequently, the buoyancy force is downward. Combining these two results, the buoyancy force reversal across the thermal diffusion region occurs. As the situation intensifies, there is possibility of occurring "local flow reversal", i.e. the direction of the tangential velocity changes across the boundary layer region and even further to "convective inversion", i.e. the reversal of direction of net mass flow.
From above example, it is observed that if tm lies between to and too, then a reversal in buoyancy force g[p (too) -p (t)] arises across the thermal region, where g is the magnitude of the gravity force. The parameter that characterizes this temperature interrelation is t m --too R = --(1) to -too ' When 0 < R < 0.5, a buoyancy force reversal arises.
Many recent evaluations use the density relation for pure and saline water given in [2] . This is a simple and accurate expression for the buoyancy force causing motion in low temperature pure and saline water. A number of recent theoretical and experiment studies have added considerable understanding of these complex flows for pure and saline water and for porous media saturated with pure and saline water. The boundary-layer calculation in [3] resulted in solutions in a gap from about R = 0.15 to R = 0.30. A similar gap was found for numerical solutions of time dependent Navier-Stokes equations in [4] . Then, in [5] , solutions in [3] were extended to reduce the remaining gap to R = 0.15180-0.29181. Gebhart et aL [6] presented a more delicate numerical study to obtain new solution and improved the accuracy gap in R by appropriate parameters and multiple solutions with great different characteristics at the some R are found. Wang [7] considered a vertical ice wall melting in saturated porous media and similar results were obtained. These results were verified rigorously by Hastings and Kazarinoff [8] and Wang [9] respectively.
For the convective phenomenon of transport adjacent to a heated or cooled horizontal surface embedded in a porous medium saturated with water, early investigations are summarized in [10] . Lin and Gebhart [11] then used the density variation in [2] to present similarity analysis of transport in porous media saturated with cold water. In [11], existence of similarity solutions for the case of isothermal horizontal surface were reported under atomospheric pressure 1 bar absolute and numerical data seemed to indicate the uniqueness of solution at a given R. An interval 0.08 < R < 0.288 was obtained on which no numerical similarity solution exists. In this paper, similar to [7] , we present new solutions which exhibit existence of multiple solutions at some R in (0, 0.5) and obtain a more delicate gap, 0.082864 < R < 0.283270, on which no steady state solution exists. Some of these solutions are similar and others give drastically different behaviors. Moreover, similar results are also obtained for the physically maximal allowable case at p = 1000 bar.
DERIVATION OF SIMILARITY BOUNDARY VALUE PROBLEM
The derivation of the steady, planar, boundary layer equations for porous media saturated with cold water is given in [11] . These equations for flow adjacent to a horizontal, impermeable, isothermal surface at temperature to and lying at x >I 0 and y = 0, as shown in Fig. l , in a homogenous and isotropic medium at temperature too are as follows: 
(4b)
where equations (4a) and (4b) are corresponding to flows on the upper side and the bottom side of the horizontal surface, respectively. Furthermore, the total buoyancy force Iw out across the boundary region is defined by
This quantity is effective in indicating the net effect of buoyancy in the flow. In [11], the following similarity transformation was given by defining the independent similarity variable t/as 
Furthermore, P(~/) is proportional to the motion pressure and ~6(r/) is proportional to the temperature profiles with -~6'(0) relating to the rate of heat transfer at the surface, i.e. -~' (0) is proportional to Nu~ = q"x/((t -t~)r.) where q" is the surface heat flux and Nu~ is the local Nussclt number. For convenience, BVP + denotes the problem which consists of equations (2), (3), (4a) and conditions (5) , and BVP-denotes the problem of equations (2), (3), (4b) and conditions (5).
NUMERICAL STUDY AND RESULTS
For the numerical computation, the code BVPSOL [12] [13] [14] , which solves general two-point boundary value problems by multiple-shooting method, is chosen. In fact, th e shooting method consists of an initial value problem with some free parameters and a corresponding root finding problem for the conditions to be shot. Therefore, the shooting process mainly depends on the sensitivity of the integrator imposed for solving the initial value problem. For dealing with the stiff problem BVP, an efficient code METAN1 [15, 16] , which is a semi-implicit midpoint integrator, is chosen. However, the length of problem domain may further affect the shooting scheme with a simple shooting. Thus, with imposed multiple shooting, such sensitivity effects will be reduced.
Moreover, equation (3) is equivalent to , 1
)
It can be shown that ~p'(r/) tends to zero and f(~/) cannot be negative as r/approaches infinity. Otherwise, either ~(0) = 1 or q~(oo) = 0 will be violated. Also, the associated conditions for problem BVP are designated at the horizontal surface ~/= 0 and the far ambient region as F/ tending to infinity. Due to the finite nature for numerical computation, the far ambient boundary conditions can only be set at r/= r/o~ where ~/~ is finite. Then the reduced problem with finite domain [0, r/®] is computed by BVPSOL with an accuracy controlling parameter EPS = 1.E -8. Therefore, it is natural to say that numerical data is acceptable iff(r/o~) does not change for first six digits and -~'(r/oo) is positive and less than 1 .E -6 when r/oo is increase twice consecutively. Meanwhile, the buoyancy force term W(~p(~/), R), ~//> 0, can only change sign once for each R in (0, 0.5). Due to the interest of buoyancy force and flow reversal, numerical study of problem BVP are given on the region R in [0, 0.5]. All numerical computations are performed on Cyber 730 at NCTU. To solve problem BVP + with q = 1.894816 under p = 1 bar, we apply the continuation scheme by starting R equals to 0 and increase R by a step size AR. Linear extrapolation of the solution obtained for R~ and R2(R~ < R2) is applied to provide the initial guess in BVPSOL for computing the solution at R = R3 with R3 > R2 and AR halving scheme is also implemented if the initial guess gives failure of convergence in BVPSOL. Therefore, the largest R, say R* ~ 0.082864, is reached at which numerical solution is obtained successfully. Note that our data R* is beyond the upper bound R = 0.08 obtained by Lin and Gebhart [11] . On the botton side of the surface, problem BVP-, we start at R = 0.5 and decrease R. By similar technique, the smallest R, say R. ~ 0.283270 is obtained.
Moreover, as in [7] , the continuation scheme should be able to continued if an additional equation
and a proper boundary condition for a new free parameter are imposed. From the solution data obtained from problem BVP +, it is observed thatf(oo) decreases as R increases. Also, as mentioned earlier, f(oo) cannot be negative. Hence, it is proper to choose f~o as a free parameter and set the new boundary condition as f(r/~o) =f~. Correspondingly, the acceptance criterion in our program is adjusted to require the convergence of R instead off(oo). The continuation method is then applied by reducingfoo from 1.4. The smallest successful level off~o in our computation is l0 -3 which gives q~ to be 1410. Compare with the case off~ = 10 -2 with final q~o equals 430, it is reasonable to stop our continuity process for the case off~ less than 10 -3 since q~o will be too large to give acceptable data. On the bottom side of surface, problem BVP-, similar observations from numerical data and from equation (7) give that tp'(0) increases as R decreases and ~p'(0) must be negative. Therefore, an additional boundary condition tp'(0) = tp~ for problem P-is imposed and tp~ is increased from -0.20. The largest successful level of tp~ is -5 x l0 -7 in our computation with final q~o equal to 120. For the case of maximum of physically allowable q = 1.582950 at p = 1000 bar, similar scheme is also applied. For problem BVP +, the largest R, R* ~ 0.067730, is obtained when f~o ,,~ 0.67039 and a continuous family of solutions is successfully obtained for f~o reaching 0.006. For problem BVP-, we obtain a lowest R, R. ~ 0.272195 and a continuous family of solution is obtained for tp~ tending to -0.00001. 1-4. The bifurcation diagram off(oo) vs R and  -~p'(0) vs R are plotted in Figs 2 and 3 respectively. Moreover, the profiles of temperature distribution ~0, tangential velocity f', normal velocity f-2fir', motion pressure P and local transport as in [6] and [7] , and corresponding mathematical verifications were also provided by Hastings and Kazarinoff [8] and Wang [9] .
Selected solutions data are shown in Tables

FURTHER OBSERVATIONS AND CONCLUSION
The numerical results presented in this paper may clarify several aspects of transports in the temperature-ratio parameter range 0 < R < 0.5. In such range, buoyancy force and flow reversal arise along with convection inversion. As shown in Fig. 7a , the local buoyancy force W changes sign from negative across thermal region at large value of ~/for 0 < R < R*(q). This exhibits an outside buoyancy force reversal. For the other range R,(q) < R < 0.5, as in Fig. 7b , W changes sign at inner part of convective region, it is an inside buoyancy force reversal.
In the gap obtained, about 0.082849<R <0.283270 for q ffi 1.894816 and 0.0677304< R < 0.272195 when q = 1.582950, no solution is obtained. Figure 2a shows that the lower and upper bounds vary weakly with q. Although no mathematical verification is given, it is conjectured from [8] and [9] that similar gap may exist for q > 1. However, the boundary layer approximation for equations (2)-(4) gives no indication in predicting the transport for R lies in the gap. A new formulation guided from new experimental study is necessary to describe such flows.
On the upper side of the surface, as shown in Figs 4-6, multiple solutions which coincide at the same R are very similar. The value of -~0'(0) in Tables 1 and 2 further corroborates their similarity. On the other side of the surface, one of the pair of solutions is drastically different from the other. The lower solution clearly exhibits a thick layer of nearly stational flow adjacent to the surface. Physically, the existing boundary layer may insulate the horizontal surface and, consequently, reduce the rate of heat transfer. For example, at R = 0.471861, -¢p[(0) for the lower solution, which is related to the rate of heat transfer gives about 5 x 10 -7. However, the upper solution at the same R gives -¢p~(0) about 0.336176 and the quotient -g0~(0)/-cp[(0) is about 6.6 x 105.
Consequently, multiple solutions for R lies in two regions 0 < R < R*(q) and R,(q) < R < 0.5 thus have considerably different characteristics. This raises additional questions in interpreting such results, in relation to any actual circulation in porous medium. Which flow might actually arise matters little in the left region, although the existence of multiple solutions probably means enhanced instability. However the differences in the effects of transport of solutions in the other region would be great. For example the large differences in temperature distributions mean large differences in the buoyancy force associated with the different flow at the same R. This indicates that a large amount of energy is potentially available for amplification of disturbances and vigorous effect may arise for driving a steady state to another.
Unfortunately, the data base from experimental measurement is meager concerning transport in porous media generally. Therefore, further surmises concerning flow instability and more inclusive modeling may require an experimental data base.
